ABSTRACT. The goal of this paper is to use algebraic techniques to compute sums of powers of roots of certain polynomials and derive congruences of AnkenyArtin-Chowla types modulo p 3 .
Introduction and notation
Let p be a prime congruent to 5 modulo 8 and let T , U be rational integers such that =
is the fundamental unit of the real quadratic field Q( √ p) and h be the class number of this field. The Ankeny-Artin-Chowla congruence [1, 2] The Ankeny-Artin-Chowla Conjecture (which remains open to this day) asserts that p does not divide U . This is equivalent to the assertion that p does not divide B p−1
2
. For the history of the above congruence and conjecture see [16] . All of this is quite important but we would like to look for explicit congruences of the same type that are valid for a different class of fields and modulo higher powers of p. In this direction, S. Jakubec, using algebraic techniques in [3] [4] [5] [6] [7] [8] [9] , has established congruences of Ankeny-Artin-Chowla type modulo p and p 2 for totally real cyclic fields K of degree l and prime conductor p. Perhaps his technique is best summarized in [14: Section 1], the notation of which we are going to follow (reader is encouraged to consult [14] if needed). Since congruences modulo p and p 2 were previously derived by Jakubec, it is natural to investigate the next case of congruences modulo p 3 , hoping to gain insight into the general case modulo higher powers of p.
Let p > 5 be a prime and l be a prime dividing p − 1, k = p , L = Q(η) be the maximal real subfield of Q(ζ p ) and K be a cyclic subfield of Q(ζ p ) of the degree l over Q. Furthermore, denote by h(K) the class number of K and by s i (f (x)) the sum of the ith powers of roots of a polynomial f (x). Recall from [14] definitions of polynomials f L (η) and f K (δ) assigned to units η ∈ L and δ ∈ K. The explicit form of the polynomial f L (η) is given below, and the explicit form of f K (δ) is given in Section 4.
The following theorem is a starting point for congruences of Ankeny-ArtinChowla type modulo p 3 .
Ì ÓÖ Ñ ½º¿ Ó ½ º Assume 2 is not an lth power modulo p and 3l < p.

Denote by f L (η) a polynomial assigned to η, by f K (δ) a polynomial assigned to a unit δ ∈ K of a finite index f coprime to p, T i = s i(p−1)
2l (f L (η)) and S i = s i (f K (δ)) for i = 1, . . . , 3l − 1. Then for suitable α n we have
for n = 1, . . . , l − 1, and
Let us note that the requirement that 2 is not an lth power modulo p guarantees that the conjugates of N L/K (η) generate the group C(K) of cyclotomic units of K. This assumption simplifies formulation of the congruence. The above theorem is a consequence of [14: Theorem 1.1] which is expressed in terms of a technical map Φ. The main contribution of [14] is the elimination of such a map Φ from the statement of a congruence.
The polynomial f L (η) assigned to η is determined as a consequence of [10: Theorem 1]. To describe this result, consider the following notation. Select Ì ÓÖ Ñ ½ Ó ½¼ º In the above notation,
where
It follows immediately from this theorem that
The most complicated piece of a process of determining congruences of Ankeny-Artin-Chowla type modulo p 3 is to find a concise formula for sums T i of high powers of roots of the polynomial f L (ζ p ). This task is the main focus of the paper. A lengthy computation brings the following statement.
Ì ÓÖ Ñ ¿º½º
where i = mn l . After this is accomplished, it remains to address the choice of a unit δ ∈ K of a finite index f in the group U K of units of K, where p does not divide f , and a polynomial f K (δ) assigned to it.
In the case of quadratic or cubic field K the structure of units is understood and we can select δ and compute the sums S i = s i (f K (δ)) of the ith powers of roots of f K (δ). The resulting congruences of Ankeny-Artin-Chowla type are given below.
ÈÖÓÔÓ× Ø ÓÒ º½º Let p ≡ 1 (mod 4) be a prime, K be a real quadratic field of
Choose an integer c that is a primitive root modulo p 3 . The expression
, K be a totally real cubic field of conductor p and Let us note that these results can be extended to additional special cases like totally real quintic fields of conductor p = n 4 + 5n 3 + 15n 2 + 25n + 25 or totally real octic field of conductor p = n 4 + 16, see [13] . E. Lehmer constructed special units of these fields and it was proved in [15] that, in the case of the quintic field K, they generate U K . The corresponding congruences of Ankeny-Artin-Chowla type are too complicated to state here.
Before we start investigating expressions
for n = 1, . . . , l − 1 let us note that we need to consider T n modulo p 3 , T l+n modulo p 2 and T 2l+n modulo p only. We will investigate these three cases separately as they are of different types.
Formulas, identities and congruences
The following formulas, identities, and congruences will be used frequently throughout the paper.
Ä ÑÑ 1.1º
and as a special case
and similarly
Moreover,
and analogously
The statement of the lemma follows easily.
P r o o f. (1) and (2) follow from [11: (51.1.
2)]; (3), (4) and (5) follow from (1) and (2); (6) is the Euler congruence [12] ; (10) (12) and (15) follows from (14) .
The remaining identities are proved using the generating functions
(see [11: (51.3.8) , (50.5.17)]). The identity (7) follows from tan x cos x = sin x, (8) follows from
and (14) follows from
Formulas for sums of roots of the polynomial
In this case all computations are done modulo p 3 and the derived formula involves convolutions.
ÈÖÓÔÓ× Ø ÓÒ 2.1º Define
in an analogous way as the sequence f i . Then
We proceed analogously as in [6] . The Newton formulas for powers of roots of the polynomial f (x) state
e j S i−j + ie i = 0. Using e 0 = 1,
. [6] . In the same manner, the numbers
Therefore the last condition that must be satisfied is
where we put l i = t i − h i . Using (1) we derive that
and the statement of the proposition follows.
Thus for example,
,
S m+i for
In this case we compute only modulo p 2 . Before we derive a formula for S m+i for i = 0, . . . , m − 1 we need to consider the recursive sequence q 2i defined by q 2 = 1 and
The reason for this definition will become clear later. The recursive sequence q 2i is expressed explicitly in the following lemma.
Ä ÑÑ 2.1º
i + 1 P r o o f. Rewrite the recurrence relation as
The coefficient at A 2i−1 equals
according to (2) and (3). Therefore we can rewrite the right-hand side of the recurrence relation as
The recurrence relation can be expressed in a matrix form with a square upper triangular matrix M = (m kl ), k, l = 0, . . . , i − 1 with entries m kl = 2i−2k−1 2l−2k
for k ≤ l. Using (1) we verify that M is a regular matrix and its inverse is an upper triangular matrix N = (n kl ), k, l = 0, . . . , i − 1 with entries n kl =
Switch the summation in the first sum on the right and set
because of (1). Switch the summation in the second sum and set
due to (12) . The third sum is 1 2i
because of (1) and the fourth sum is
due to (12) . The statement of the lemma follows.
Now we are ready to derive a formula for S m+i . It involves the previously defined sequence q 2i .
ÈÖÓÔÓ× Ø ÓÒ 2.2º Let i = 0, . . . , m − 1 and δ i,0 be the Kronecker delta. Then
P r o o f. We proceed by induction on i. For i = 0 we use Proposition 2.1, Newton formulas for powers of roots of the polynomial f (x), and identities (7) and (3) to establish
For the inductive step, assume i > 0 and use the inductive assumption, Proposition 2.1 and the Newton formulas to write
We can rewrite the first two terms using (7) and (11) to
(compare also the proof of [6: Lemma 2]). In the big bracket, use (1) and (3) to establish that the terms that are multiples of pc i+n for n > 0 and pc i , respectively, are equal to
respectively, as expected. Using (3) we derive that the terms that are multiples of pc i−n for n > 0 equal to
Use the congruences
for k < n and 2m + 2n 2m
to rewrite (16) . In the resulting congruence use (2) and (3) to show that the terms that are not multiples of p cancel each other. Using the defining relation for q 2n we derive that (16) is equivalent to
This last congruence follows from Lemma 2.1 with the help of (9) and identities
S 2m+i for
The sums S 2m+i need to be determined only modulo p. For every n denote by F n (x) the polynomial
(2i)! . The new feature in this case is an appearance of sums of products of elements F n (E * ).
ÈÖÓÔÓ× Ø ÓÒ 2.3º 
Lemma 3] we get
Using the definition of numbers W * l and putting j = l − m for l ≥ m we obtain
Using (11) we determine that the first double sum on the right equals
In the remaining expression switch order of summation and put
Statement of the lemma follows.
Expression for
All formulas derived for sums of powers of roots of the polynomial f L (η) in the previous section involve double sums and are extremely complicated to work with. Fortunately, we do not need to know each sum independently and are only interested in combined expressions of type T n − n l+n pT l+n + n 2l+n p 2 T 2l+n . In these expressions, the most complicated parts will offset each other and the final form does not involve any summations and is therefore manageable. The process of simplification is rather technical and the main steps are outlined below.
To evaluate the expressions
for n = 1, . . . , l − 1 we need to choose i = mn l in the formulas of Section 2. From now on we assume that i = . Also assume that i = 0 so that we can distribute the terms with the Kronecker symbol. To simplify notation, we will write congruences modulo p 3 as equalities.
We start by using Lemma 1.1 to expand the corresponding expressions for S i , S m+i and S 2m+i and obtain an extremely long formula for
Afterwards we evaluate the expression
in two different ways. On one hand,
On the other hand, the negative of the same expression modulo p 3 is
Using only the above observation once, equations (1) and (2) repeatedly and good bookkeeping we arrive at the following expression
where the "absolute" term Z 1 involves Bernoulli and Euler numbers only;
Since the number T 2l+n is the sum of the (2l + n)th powers of all roots of a monic polynomial with p-integral coefficients, it follows that T 2l+n is a p-integral algebraic number.
We will now consider contributions from the last term p 2 n 2l+n T 2l+n to levels Z 1 , pZ p , pZ pW and pZ pA and show that all of them separately are congruent to 0 (mod p 2 ).
The contribution of p 2 n 2l+n T 2l+n to the level Z 1 is congruent to 0 (mod p) yielding a congruence
The contribution of p 2 n 2l+n T 2l+n to the level pZ p is
which by (11) and (6) is congruent to 0 (mod p 2 ).
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The contribution of p 2 n 2l+n T 2l+n to the level pW Z pW is
and it is congruent to 0 (mod p 2 ) as a consequence of (17) .
The contribution of p 2 n 2l+n T 2l+n to the level pZ pA is
Using (10), switching the order of summation and (11) we establish that this expression is congruent to 0 (mod p 2 ).
Therefore the contribution of p 2 n 2l+n T 2l+n to Z 1 that was originally shown to be congruent to 0 (mod p) must be congruent to 0 (mod p 2 ) giving us
Term Z 1
Using (18) and (15) we derive
Term Z p
Using 3.1 and (18) we simplify 
Term pZ pA
The expression
(2j)! can be simplified using (11) to obtain that
(m + i) .
Term p
Using (12) and (8) we can write
Changing the order of summation and using (1) and (13) we get
Using (6), (9) , (11) and (6) we establish that
Changing the order of summation twice, using (2), (1) and (11) (2j −1)!(2k−2j +1)! E 2i−2k−2 (2i−2k−2)! .
Switching the order of summation and using (2) and (14) Changing the order of summation and using (13) , (12) and suitable pairing of terms we find out that p 2 Z p 2 ZA 2 = 0.
Final form for
We have simplified each individual term as much we could but there is yet another cancellation possible. The following lemmas relate expressions from different levels. 
Ä ÑÑ
